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Abstract
We find a basis for the G-graded identities of the n × n matrix
algebra Mn(K) over an infinite field K of characteristic p > 0 with an
elementary grading such that the neutral component corresponds to
the diagonal of Mn(K).
1 Introduction
The polynomial identities of the matrix algebra Mn(K) are important in the
theory of PI-algebras, for example, the T-ideal of its polynomial identities
T (Mn(K)) arises in Kemer’s structural theory of T-ideals as one of the T-
prime T-ideals. However, over infinite fields, finite bases for T (Mn(K)) were
determined only when n = 2 and char K 6= 2. In ([21]) Razmyslov deter-
mined a basis of the identities of M2(K) with 9 elements in the case char
K = 0 and in ([8]) Drensky improved this result by finding a minimal basis
with two identities. A basis for the identities of M2(K) over infinite fields of
characteristic p > 2 was determined by Koshlukov in ([19]). He has proved
∗Supported by CNPq
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that the same basis found in ([8]) is a basis for the identities of M2(K) over
an infinite field K of characteristic > 3, and if char K = 3 one more identity
is necessary. The problem of determining a finite basis for T (Mn(K)) when
n ≥ 3 is still open.
In [18] Kemer develops a theory of T-ideals analogous to the theory of
ideals in commutative polynomial algebras and the concept of Z2-graded
identities was a key component in this theory showing the importance of
Z2-graded identities. In [26] Di Vincenzo found a basis for the Z2-graded
identities of M2(K), over a field of characteristic 0.
Soon afterwards, the study of G-graded identities of algebras graded by
an arbitrary group G became a problem of independent interest. Vasilovsky
[24, 25] extended the results of [26] and determined basis for the graded
identities of Mn(K) graded by the groups Z and Zn, for any n, in the case
K is a field of characteristic 0. Azevedo [1, 2] proved that the results of
Vasilovsky also hold if K is an infinite field of characteristic p > 0.
The complete description of all possible G-gradings of Mn(K) by a finite
group G, over an algebraically closed field K of characteristic 0, is given in
[5]. The main result states that any such grading is the tensor product of two
types of gradings: the fine gradings where dim(Mn(K))g ≤ 1 for all g ∈ G
and the elementary gradings which are induced by a grading in the vector
space Kn. For the elementary gradings the G-graded identities of Mn(K),
where G is an arbitrary group, were studied in [4] in a very general setting.
Provided that the neutral component coincides with the diagonal of Mn(K)
a basis of the G-graded identities was determined when charK = 0.
In this article we combine the methods of [4] and [1, 2] to prove that
the same results of [4] for the graded identities of Mn(K) with elementary
gradings hold for infinite fields of characteristic p > 0.
2 Preliminaries
In this article K denotes an infinite field and all vector spaces and algebras
will be considered over K. Let G be an arbitrary group, a G-grading of an
algebra A is a vector space decomposition A =
⊕
g∈GAg such that for any
g, h ∈ G the inclusion AgAh ⊂ Agh holds. The elements of Ag are said to
be homogeneous of degree g. We denote by ǫ the identity element of G, the
component Aǫ is called the neutral component.
We denote by Ik the set {1, 2, . . . , k} ⊂ N, given i, j ∈ In we denote by
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Eij ∈ Mn(K) the matrix unit in which the only non-zero entry is 1 in the
i-th row and j-th column. Given an n-tuple (g1, . . . , gn) ∈ G
n a G-grading in
Mn(K) is determined by imposing that Eij is homogeneous of degree g
−1
i gj .
These gradings are called elementary gradings.
Proposition 2.1 ([15]) Let G be a group, the G-grading of Mn(K) is ele-
mentary if and only if all matrix units Eij are homogeneous.
Let {Xg|g ∈ G} be a family of disjoint countable sets indexed by G and
let X = ∪g∈GXg. We denote by K〈X〉 the free associative algebra freely
generated by X. Given a monomial m = xi1 . . . xik we denote by h(m) the
k-tuple (h1, . . . , hk) where for each l ∈ Ik the l-th coordinate is the element
hl ∈ G such that xil ∈ Xhl. We denote by K〈X〉g the subspace of K〈X〉
generated by the monomials xj1 . . . xjk such that h1 · . . . · hk = g, where
(h1, . . . , hk) = h(m). The decomposition K〈X〉 =
⊕
g∈GK〈X〉g is a G-
grading and with this grading K〈X〉 is the free G-graded associative algebra
on X. In this grading any monomial m = xi1 . . . xik is homogeneous and its
degree with respect to the G-grading will be denoted by α(m).
A polynomial f(x1, . . . , xk) ∈ K〈X〉 is a graded polynomial identity for
the G-graded algebra A if f(a1, . . . , ak) = 0 whenever al ∈ Ah(xl) for every
l ∈ Ik. We denote by TG(A) the set of all graded identities of the G-graded
algebra A, this set is an ideal of K〈X〉 which is invariant under all graded
endomorphisms of K〈X〉. It is easy to show that the intersection of a family
of TG-ideals of K〈X〉 is also a TG-ideal, hence given S ⊂ K〈X〉 we may
define the TG-ideal generated by S, denoted by 〈S〉
TG, as the intersection of
all TG-ideals that contain S. We say that S is a basis of the graded identities
of A if TG(A) = 〈S〉
TG .
In this article, with the exception of Proposition 4.1 and Remark 4.2, we
fix an n-tuple g = (g1, . . . , gn) ∈ G
n of pairwise different elements and let
Mn(K) =
⊕
g∈G(Mn(K))g be the elementary grading induced by g.
3 Generic Matrices
In this section we define generic matrices and construct a relatively free alge-
bra in the class determined by Mn(K) with an elementary grading induced
by g = (g1, . . . , gn) ∈ G
n. We also prove some results that will be used in
the next sections.
3
For each h ∈ G let Yh = {y
k
h,i, 1 ≤ k ≤ n, i = 1, 2, . . .} be a countable
set of commuting variables. Let Y = ∪h∈GYh and denote by Ω = K[Y ] the
commutative polynomial algebra generated by Y . The set {g1, . . . , gn} is
denoted by Gn.
The algebra Mn(Ω) has an elementary grading induced by the n-tuple
g = (g1, . . . , gn), given h ∈ G we are interested in determining the elementary
matrices Eij of degree h. If we fix i ∈ In there exists an elementary matrix
Eij of degree h if and only if gih ∈ Gn and in this case j ∈ In is determined
by the equality gj = gih.
For each h ∈ G we denote by Lh the set of all indexes k ∈ In such that
gkh ∈ Gn and by s
k
h ∈ In is the index determined by gkh = gskh. Then
it is easy to see that (Mn(Ω))h = 0 iff Lh = ∅, moreover if Lh 6= ∅ then
{Eksk
h
|k ∈ Lh} is the set of all elementary matrices of degree h. We consider
in Mn(Ω) the homogeneous matrices
A
(h)
i =
∑
k∈Lh
ykh,iEk,skh. (1)
These matrices will be called generic matrices, the subalgebra F of Mn(Ω)
generated by the generic matrices is a graded subalgebra, in this grading the
generic matrix Ahi defined above is homogeneous of degree h.
Lemma 3.1 The relatively free algebra K〈X〉/TG(Mn(K)) is isomorphic to
the algebra F .
Proof. The proof is analogous to that of [2, Lemma 1]. 
Remark 3.2 As a direct consequence we have TG(F ) = TG(Mn(K)), so from
now on we will focus on the graded identities for the algebra F .
In order to proceed we need convenient notation to compute a product
of generic matrices.
Definition 3.3 Let h = (h1, . . . , hq) ∈ G
q , the set
Lh = {k ∈ In | gkh1 . . . hi ∈ Gn, for every i ∈ Iq}
is the set associated with h. For each k ∈ Lh define the (q + 1)-tuple
sk = (s
k
1, . . . , s
k
q , s
k
q+1), inductively by setting:
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(1) sk1 = k,
(2) for i ∈ Iq the index sk+1 ∈ In is determined by gski+1 = gski hi.
Remark 3.4 In the above definition k ∈ Lh if and only if there exist ele-
mentary matrices Ei1j1, . . . Eiqjq such that i1 = k, Eiaja has degree ha and
Ei1j1 · . . . Eiqjq 6= 0. Moreover ia = s
k
a and ja = s
k
a+1.
Lemma 3.5 If L is the set of indexes associated with the q-tuple (h1, . . . , hq)
in Gq and sk = (s
k
1, . . . , s
k
q , s
k
q+1) denotes the corresponding sequence deter-
mined by k ∈ L then
Ah1i1 . . . A
hq
iq
=
∑
k∈L
wkEsk1 ,skq+1
where wk = y
sk1
h1,i1
y
sk2
h2,i2
. . . y
skq
hq,iq
.
Proof. From the previous remark we conclude that
E
k1s
k1
h1
E
k2s
k2
h2
. . . E
kqs
kq
hq
6= 0,
iff k1 ∈ L and for every i ∈ Iq we have ki = s
k
i , s
ki
h1
= ski+1. Since from (1) we
have
Ah1i1 . . . A
hq
iq
=
∑
(yk1h1,i1 . . . y
kq
hq,iq
)E
k1,s
k1
h1
. . . E
kq,s
kq
hq
,
the result follows. 
Remark 3.6 In order to simplify the notation we will adopt the follow-
ing convention. If f(xi1 , . . . , xik) ∈ K〈X〉 is a polynomial in the variables
xi1 , . . . , xik then Ail will denote the generic matrix A
h(xil )
il
, and f(Ai1 . . . Aik)
denotes the result of substituting each variable for the corresponding generic
matrix.
The following two consequences of the above lemma will be useful in the
next section. We recall that given a monomial m = xi1 . . . xiq of length q, the
sequence (h1, . . . , hq) where hk is the degree of the variable xik , is denoted
by h(m) and α(m) denotes the degree of the monomial in the G-grading of
K〈X〉 defined in Section 2.
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Corollary 3.7 Let m1, m2 be monomials such that h(m1) = h(m2), then
m1 ∈ TG(F ) if and only if m2 ∈ TG(F ).
Proof. It follows directly from Lemma 3.5 above since mi ∈ TG(F ) if and
only if the set associated with h(m1) is empty. 
Corollary 3.8 If xi1xi2 . . . xir and xj1xj2 . . . xjs are two monomials such that
the matrices Ai1 . . . Air and Aj1 . . . Ajs have in the same position the same
non-zero entry then r = s and there exists σ ∈ Sr such that
xj1xj2 . . . xjs = xiσ(1)xiσ(2) . . . xiσ(r),
and moreover for every l ∈ Ir
α(xiσ(1) . . . xiσ(l−1)) = α(xi1 . . . xiσ(l)−1).
Proof. Let us assume the matrices Ai1 . . . Air and Aj1 . . . Ajs have the
same non-zero entry in the position (k, l), let h(m) = (hm1 , . . . , h
m
r ) and
h(n) = (hn1 , . . . , h
n
s ). It follows from Lemma 3.5 that k ∈ Lh(m) ∩ Lh(n),
moreover the two monomials in Ω
y
s
k,m
1
hm1 ,i1
· y
s
k,m
2
hm2 ,i2
· . . . · ys
k,m
r
hmr ,ir
and
y
s
k,n
1
hn1 ,j1
· y
s
k,n
2
hn2 ,j2
· . . . · ys
k,n
s
hns ,js
are equal, where sk,m = (sk,m1 , s
k,m
2 , . . . , s
k,m
r ) (resp. s
k,n) denotes de sequence
corresponding to k ∈ Lh(m) (resp. k ∈ Lh(n)).
From the equality of the monomials we conclude that r = s and there
exists σ ∈ Sr such that jl = iσ(l) for all l ∈ Ir, then
xj1xj2 . . . xjr = xiσ(1)xiσ(2) . . . xiσ(r).
Moreover sk,nl = s
k,m
σ(l), and it follows from Definition 3.3 that
gkhiσ(1) . . . hiσ(l−1) = gkhi1 . . . hiσ(l)−1,
therefore α(xiσ(1) . . . xiσ(l−1)) = α(xi1 . . . xiσ(l)−1). 
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4 Graded Identities and Preliminary Results
We consider the following polynomials:
x1x2 − x2x1, h(x1) = h(x2) = ǫ, (2)
x1x3x2 − x2x3x1, ǫ 6= h(x1) = h(x2) = h(x3)
−1, (3)
x1 = 0 , (Mn(K))h(x1) = 0. (4)
Proposition 4.1 Let g = (g1, . . . , gn) ∈ G
n be an arbitrary n-tuple and
let Mn(K) =
⊕
g∈G(Mn(K))g be the elementary grading induced by g. The
following statements are equivalent:
(i) If i 6= j then gi 6= gj, i. e., the elements in g are pairwise different;
(ii) The subspace (Mn(K))ǫ coincides with the subspace of the diagonal ma-
trices;
(iii) The polynomial x1x2 − x2x1, where h(x1) = h(x2) = ǫ, is a graded
identity for Mn(K).
Proof. Clearly (i) and (ii) are equivalent and (ii) implies (iii). To con-
clude we will prove that (iii) implies (i). Let Eij be an elementary matrix of
degree ǫ, it follows from (iii) that Eij = EiiEij = EijEii, hence i = j. 
Remark 4.2 If there arem equal elements in the n-tuple it is easy to see that
there is a subalgebra of (Mn(K))ǫ isomorphic to Mm(K) and any ordinary
identity of this algebra would produce a graded identity of Mn(K) in the
variables Xǫ.
We recall that, with the exception of Proposition 4.1 and Remark 4.2
above, we fixed an n-tuple g = (g1, . . . , gn) ∈ G
n of pairwise different ele-
ments and Mn(K) =
⊕
g∈G(Mn(K))g is the elementary grading induced by
g.
Lemma 4.3 The G-graded algebra Mn(K) satisfies the G-graded polynomial
identities (2), (3) and (4).
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Proof. [4, Lemma 4.1]. 
Definition 4.4 We denote by J the TG-ideal generated by the identities (2),
(3) and (4).
Lemma 4.5 Letm(x1, . . . , xq) and n(x1, . . . , xq) be two monomials that start
with the same variable and let m(x1, . . . , xq), n(x1, . . . , xq) be the monomials
obtained from m and n respectively by deleting the first variable. If there exist
matrices A1, . . . , Aq, such that m(A1, . . . , Aq) and n(A1, . . . , Aq) have in the
same position the same non-zero entry then m(A1, . . . , Aq) and n(A1, . . . , Aq)
also have in the same position the same non-zero entry.
Proof. It follows directly from Lemma 3.5. 
In the next lemma we follow the idea of Azevedo, see [1, Lemma 6] and
[2, Lemma 5].
Lemma 4.6 Let m(x1, . . . , xp) and n(x1, . . . , xp) be two monomials such that
the matrices n(A1, . . . , Ap) and m(A1, . . . , Ap) have in the same position the
same non-zero entry then
m(x1, x2 . . . , xp) ≡ n(x1, x2 . . . , xp) modulo J.
Proof. Let m(x1, . . . , xp) = xi1 . . . xiq , for integers 1 ≤ k < l ≤ q + 1 we
denote by m[k,l] = xik . . . xil−1 (resp. n
[k,l]) the monomial obtained from m
(resp. n) by deleting the first k− 1 variables and the last q− l+1 variables.
It follows from Corollary 3.8 that there exists σ ∈ Sq such that
n(x1, . . . , xp) = xiσ(1) . . . xiσ(q), (5)
and
α(n[1,l]) = α(m[1,σ(l)]), (6)
for all l ∈ Iq. We will prove the result by induction on q, if q = 1 the lemma
is clearly true.
Let a = σ−1(1), it follows from (6) that
α(n[1,a]) = ǫ.
Assume there exists r ∈ Iq−1 such that
σ−1(r) < a < σ−1(r + 1).
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The result follows from the previous lemma and the induction hypothesis if
we prove that in this case n(x1, . . . , xp) is congruent modulo J to a monomial
that starts with xi1 . It follows from (6) that
α(n[σ
−1(r),σ−1(r+1)]) = α(m[r,r+1]) = α(xir).
Using (5) we obtain n[σ
−1(r),σ−1(r+1)] = xirn
[σ−1(r)+1,σ−1(r+1)], therefore
α(n[σ
−1(r)+1,σ−1(r+1)]) = ǫ.
Finally if σ−1(r) + 1 = a then using the identity (2) we have
n = n[1,a]n[a,σ
−1(r+1)] ≡J n
[a,σ−1(r+1)]n[1,a] = xi1n
[a+1,σ−1(r+1)]n[1,a].
The other possibility is σ−1(r) + 1 < a, in this case we have
n = n[1,σ
−1(r)+1]n[σ
−1(r)+1,a]n[a,σ
−1(r+1)],
since
α(n[1,σ
−1(r)+1]n[σ
−1(r)+1,a]) = α(n[σ
−1(r)+1,a]n[a,σ
−1(r+1)]) = ǫ
it follows from (3) that n ≡J n
[a,σ−1(r+1)]n[σ
−1(r)+1,a]n[1,σ
−1(r)+1], and the first
variable in this last monomial is xi1 . Hence this lemma is proved under the
assumption that exists r ∈ Iq−1 such that σ
−1(r) < a < σ−1(r + 1).
If there exists no such r it follows that σ(Ia−1) = {b, b + 1, . . . , q} for
some b ∈ Iq, and in this case the monomials m
[b,q+1] and n[1,a] have the same
multidegree and in particular α(m[b,q+1]) = α(n[1,a]) = ǫ. Moreover σ(1) ≥ b
and it follows from (6) that α(m[1,σ(1)]) = α(n[1,1]) = ǫ, hence
α(m[1,b]m[b,σ(1)]) = α(m[b,σ(1)]m[σ(1),q+1]) = ǫ
and since m = m[1,b]m[b,σ(1)]m[σ(1),q+1], it follows from (2) that
m ≡J m
[σ(1),q+1]m[b,σ(1)]m[1,b],
and this last monomial starts with the same variable as n. 
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5 A basis for the graded identities of Mn(K)
In [1, 2] it is shown that there are no nontrivial identities xi1 . . . xik forMn(K)
with its natural elementary Zn and Z gradings respectively, however in [4,
Example 4.7, Theorem 4.8, Theorem 4.9] concrete gradings are considered
where Mn(K) satisfies nontrivial identities xi1 . . . xik . These results also hold
for infinite fields of positive characteristic.
In this section in Theorem 5.2 we prove that the main result of [4] holds
for arbitrary infinite fields. T his theorem states that for the elementary
gradings considered here a basis for the graded identities of Mn(K) consists
of (2)-(4), and a finite number of monomials xi1 . . . xik of length k bounded
by a function of n. The following lemma corresponds to [4, Proposition 4.2].
Lemma 5.1 Let G0 = {g ∈ G|(Mn(K))g 6= 0} be the support of a G-grading
of Mn(K) and let I be the set of all finite sequences (h1, . . . , hk) of elements
of G0 such that the monomial m with h(m) = (h1, . . . , hk) is a G-graded
polynomial identity of Mn(K). Then there exists a positive integer n0 such
that m is a consequence of the G-graded polynomial identities of Mn(K) as in
(2), (3) and (4) together with the monomials m of length k, where h(m) ∈ I
and k < n0.
Proof Let s = |G0|, n0 = 4s
2s+2 and let U be the TG-ideal generated by
(2)-(4) and the monomials m of length less then n0 such that h(m) ∈ I. If
m ∈ TG(F ) is a multilinear monomial then it follows from [4, Proposition 4.2]
that m ∈ U . If m is not multilinear let m be a multilinear monomial such
that h(m) = h(m). It follows from Corollary 3.7 that m ∈ TG(F ), then m is
in U and since m is obtained from m by identifying some of the variables we
conclude that m ∈ U . 
Theorem 5.2 Let K be an infinite field. Let G be any group and let g =
(g1, . . . , gn) ∈ G
n induce an elementary G-grading of Mn(K) where the ele-
ments g1, . . . , gn are pairwise different. Then a basis of the graded polynomial
identities of Mn(K) consists of (2)-(4) and a finite number of identities of
the form xi1 . . . xik , k ≥ 2, where the length k is bounded by a function of n.
Proof. Let U be the TG-ideal defined in the previous lemma, since |G0| =
s ≤ n2 it is easy to see that we may choose k ≤ 4n4(n
2+1). It follows from
Lemma 4.3 that U ⊂ TG(F ). We wish to prove that TG(F ) ⊂ U , suppose on
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contrary that the inclusion does not hold. Since the field K is infinite, there
exists a multihomogeneous identity of F that does not belong to U . Let
f(x1, . . . , xn) =
k0∑
i=1
aimi(x1, . . . , xn),
where ai 6= 0, 1 ≤ i ≤ k0, be a multihomogeneous element of TG(F )−U with
the minimal number of non-zero summands. If k0 = 1 then the monomial
m1 is an identity of F that is not an element of the TG-ideal U , but this
contradicts Lemma 5.1, hence k0 > 1. Moreover, since k0 is minimal we
conclude that m1 is not an identity. Clearly,
−a1m1(A1, . . . , An) =
k0∑
i=2
aimi(A1, . . . , An).
The non-zero entries in each matrix mi(A1, . . . , An) are monomials in Ω and
m1(A1, . . . , An) 6= 0, hence there exists p ∈ {2, . . . , k0} such that the matri-
ces m1(A1, . . . , An) and mp(A1, . . . , An) have in the same position the same
nonzero entry. Using Lemma 4.6 we conclude that mp−m1 ∈ U . In this case
f(x1, . . . , xn) + ap(m1(x1, . . . , xn)−mp(x1, . . . , xn)) ∈ TG(F )− U,
but the last polynomials is a sum of k0 − 1 monomials and this is a contra-
diction since k0 is minimal. 
The following corollary generalizes the main result of [1] for any ele-
mentary grading of Mn(K) in which the neutral component consists of the
diagonal matrices and |G| = n.
Corollary 5.3 Let K be an infinite field. Let G be a finite group of order
n and let g = (g1, . . . , gn) ∈ G
n induce an elementary G-grading of Mn(K)
where the elements g1, . . . , gn are pairwise different. Then a basis of the
graded polynomial identities of Mn(K) consists of (2) and (3).
Proof. Since |G| = n the set Gn in Definition 3.3 is the group G, therefore
for every q ∈ N and every sequence h ∈ Gq the set Lh associated with
this sequence is In = {1, 2, . . . , n}. Hence Lemma 3.5 implies no monomial
xi1 . . . xik ∈ K〈X〉 of length k ≥ 1 is a graded identity for Mn(K) and the
corollary now follows from the previous theorem. 
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